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1 Introduction

Since the very beginning of science there have been curious people driven by their

fundamental urge to understand the intriguing world that surrounds us all a little bit

better. With steady technological advances new tools became available and allowed

us to �nd answers to questions about unsolved riddles.

For example, in 1960 Theodore Maimann [25] accomplished the �rst step in

the development of the laser, which became an extremely versatile tool for the

manipulation and investigation of matter properties during the following decades,

even though at the time of its invention applications seemed to be lacking. One of

the areas in which the laser became a crucial element is the �eld of cold atoms. In

1953 Wolfgang Paul [28] built an experiment to trap single ions, which were easier to

handle than atoms, because of their electric charge. For electrically neutral atoms

only the coherent light �eld of a laser interacting with their internal oscillating

charges made it possible to gain su�cient control to slow and trap clouds of atoms.

Prichard et al. were the �rst to realize a so called magneto optical trap (MOT)

[29], in which they trapped ten million sodium atoms and cooled them down to

a temperature of 0.4K above absolute zero. The importance of cooling atoms can

be made clear by the following comparison: imagine you should �nd out in detail

how cars work, but instead of opening the hub in a garage you may only observe

them from the side of an highway. Similarly atoms in a thermal gas move at speeds

of several hundred kilometers per hour and slow down to, when cooled in a MOT,

a movement of a few millimeters per second. Another reason for the interest in

cooling atoms was the prediction of a novel state of matter, which has already been

predicted in 1924 by Albert Einstein and Satyendranath Bose [13] . 71 years later

this new state of matter called Bose Einstein condensate (BEC) has been achieved

by the group of E.A. Cornell by cooling a cloud of rubidium atoms. This and the

following BEC experiments o�ered new insights into the fundamental physical laws

of quantum mechanics, because slowed atoms do not behave as classical mechanics

would predict.

To further study the atomic interactions BECs of other species than rubidium

were tried to be created. A calcium condensate [21] was the �rst of an atomic species

that has more than one valence electron. Only half a year later in 2009 the �rst

strontium, also an earth alkali, condensate was realized [35]. The electronic structure

of strontium o�ers many new unexplored possibilities for cold atom experiments and

was therefore chosen for the experiment that is described in the course of this work.

One principal di�erence of atoms with two valence electrons to atoms with only

one is, that their electronic level structure includes �ner transitions, called inter-

combination lines. This means they may interact strongly with light of a certain
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frequency but show no reaction towards light of a slightly di�erent frequency. Again,

the signi�cance of the laser as a precise tool becomes lucid, as only with a laser of

extremely well de�ned frequency this atomic transition can be driven. In the case of

strontium such an intercombination line can be used for e�cient cooling. Therefore

a laser stabilized onto the resonance frequency of this line is essential for successfully

conducting the experiment.

An excellent technique for stabilizing diode lasers via an electronic feedback loop

and using a stable optical resonator as a frequency reference has been published by

Pound, Drever and Hall [11] in 1983. This method has been employed [24] to stabilize

a laser down to an emission bandwidth of less than one Hz.

This thesis describes the realization and evaluation of such a Pound Drever Hall

(PDH) stabilization of a laser system which is going to be used for an experiment

with ultracold strontium.

The second chapter gives a short overview over the current state of the stron-

tium experiment and some strontium properties. The third chapter introduces

the necessary concepts for understanding a PDH stabilization and presents the ac-

tual experimental setup. In the fourth chapter the results of the stabilization are

discussed.

In order to interact with the strontium atom the used laser does not only need

to be stabilized, it also requires the right frequency. In the �fth chapter a spec-

troscopy setup is described, which allows us to determine the current frequency of

the laser relative to the atomic resonance. The resulting spectra are discussed in

the sixth chapter.

The last chapter consists of a summary of this work and provides an outlook on

the next steps.



2 Strontium experiment

This chapter describes brie�y the ultracold strontium experiment that has been

launched in December 2010 in a new lab at the Instituto de Física in São Carlos by

Prof. Dr. W. Courteille. In the �rst section the general properties of strontium are

presented, in the second the cooling cycle is summed up and in the third section the

current state of the experimental apparatus is described.

2.1 Relevant properties of strontium

2.1.1 Electronic structure

Strontium is an alkaline earth metal with 38 electrons and is Helium-like, i.e. it has

two valence electrons that signi�cantly interact with each other.

2.1.1.1 Ground state

The electronic structure including all electrons is shown in �g. 2.1. The low energy

excitations, i.e. in the optical regime, a�ecting only the two valence electrons, will

be discussed in detail later (see �g. 2.2), but are already shown above the horizontal

dotted line to give an overview.

The ground state is denominated by[
1s22s22p63s23p64s23d104p6

]
51S0

It is notable that due to the electron-electron interaction energy there is no more

degeneracy of the l quantum number so that states with a smaller orbital angular

momentum are favored, since their spacial probability distribution is centered closer

to the nucleus, this means that they therefore experience less of the shielding e�ect

caused by the other electrons. This e�ect becomes that strong, that the 4s-state

is populated before completing the third shell and also the 51S0-state becomes the

ground state even though the fourth shell is not completed.

2.1.1.2 Excitations

The electronic structure for the most relevant optically excited states of the two

valence electrons is shown in �g. 2.2.

The scheme only shows the excitations of one of the two electrons in the �fth

shell ((5s2)1S0 ), while the other remains on the 5s-level. All other excitations,
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Figure 2.1: Electronic level scheme of bosonic Stronitum. The �lled states with lower
energies than (5s2)1S0 have been omitted.

including two electrons or lower electrons are of higher energy and are not relevant

for this experiment.

As the two involved electrons are indistinguishable and the Hamiltonian only

depends on the total spin S, the energy-eigenstates shown in �g. 2.2 are two electron

states which can be described by a linear superposition of the single electron states,

similar to the Helium atom.

The scheme is divided into two sides by a vertical dotted line. The left side

depicts all singlet-states (S = 0), while the right side shows triplets of states due

to the three di�erent orientations of the spin (S = 1) relative to the total orbital

angular momentum.

Besides the separation in singlet and triplet systems there is no further analogy to

Helium for those states, as most of them do not exist in helium. In contrast to helium

there is the (5s4p)1D2-state from the incomplete fourth shell which cannot be excited

directly from the ground state because of the dipole selection rule ∆J = 0, ±1. The

(5s5p)1P1-state appears as we are already populating the �fth shell, where there is

no degeneracy of orbital angular momentum. The transition from the ground state

is strongly coupled with a linewidth of 32MHz to a light �eld with a wavelength of

460.73nm.

The corresponding triplet (5s5p)3PJ with one spin �ipped, and thus antisym-

metric spacial wavefunction and with less electron repulsion, forms the metastable

ground state of the triplet system.
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Figure 2.2: Electronic level scheme of 88Sr. The �lled states with lower energies than
(5s2)1S0 have been omitted.

isotope abundance mass [in u] nuclear spin scattering length
88Sr 82.58% 87.906 0 −2a0[27]
87Sr 7.00% 86.909 9

2
86Sr 9.86% 85.909 0 +800a0[34]
84Sr 0.56% 83.913 0 +123a0[35]

Table 2.1: Natural abundance, mass, nuclear spin [32] and scattering length of the four
stable strontium isotopes.

2.1.2 Isotopes

There are four stable Sr isotopes, of which three are bosonic (88Sr, 86Sr, 84Sr) and one

fermionic (87Sr). Their natural abundance, mass, nuclear spin [32] and scattering

length, are summed up in table 2.1.

2.1.3 Strontium vapor

The melting point of strontium is at 769°C the boiling point at 1384°C[4].

For the vapor pressure there are di�erent values in the literature. Fig. 2.3 sums

those up.



10 Strontium experiment

200 300 400 500 600 700 800 900 1000 1100
10

−10

10
−5

10
0

10
5

V
a
p
o
r
P
re
ss
u
re

p
(T

)
in

[m
B
a
r]

Temperature T in [◦C]

 

 

Bidel
Courtillot
Sorrentino
Wolfram
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Sorrentino[32] does not give any reference. Courtilliot[8] mentions the disagreement of two
orders of magnitude of their measurements and the ones from Dinneen[37] with others like
[22] which is mentioned as a source by Wolfram[2].

The atomic density can be derived by applying the equation of state of a classical

ideal gas

n(T ) =
p(T )

kBT
(2.1)

The thermal Maxwell-Boltzmann distribution of an ideal gas is given by

P (v) =

√
2

π

( m
kT
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Figure 2.4: The probability density P (v) plotted against the atomic velocity v of 88Sr at
600°C.

as illustrated in �g. 2.4.The median v̂ and mean v̄ of this distribution is calcu-

lated as

v̂ =

√
2kBT

m
v̄ =

√
8kT

πm

which gives v̂ = 406m
s
at a temperature of 600°C.
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2.1.4 Source & handling

Strontium is relatively easy and cheap to purchase. For the import it has to be

taken into account that it is considered a dangerous good, because of its chemical

reactivity. It oxidizes relative quickly, when exposed to air. For this reason it has

to be handled under a protection atmosphere. For long time storage it can be

submerged in mineral oil. When oxidized it turns from a silver color to pale yellow

and becomes a powder. Strontium has a Mohs hardness of 1.5, which is similar to

tin or lead[2]. Therefore motorized tools are very helpful for cutting.

Dispensers are not available to our knowledge. The cost for isotope puri�ed

strontium is tremendously high.

2.2 Cooling cycle

Strontium has a very advantageous electronic structure for laser cooling. It o�ers a

32MHz broad transition that is almost closed and a closed �ne 7.6kHz transition,

which is �ne enough to cool down to the recoil limit, but strong enough to sustain

the atoms against gravity. There are di�erent ways how to take advantage of the

variety of transitions. The cooling cycle aimed for in this experiment has already

been employed [35] to cool strontium down to degeneracy. It can be divided in six

steps

1. Producing strontium vapor in an oven at around 600°C

2. Slowing the thermal atomic beam from the oven using a Zeeman slower at the

32MHz 1S0 →1 P1transition

3. Loading the �rst stage magneto optical trap (MOT) using the same transition.

There is only a small loss channel via the 1D2 level that eventually decays into

the triplet 3P2. Even though these states are not cooled further at this point

they are trapped within the magnetic �eld gradient due to their magnetic

moment. This means that while operating this �rst stage MOT the meta

stable 3P2 accumulates a population of cooled atoms.

4. Repumping: A laser beam at 497nm excites atoms in the 3P2 to the
3D2 state,

from where they decay into the 3P1 state and back into the 3P2. Within a

short time the population from the 3P2 state is completely transferred to the
3P1state.

5. The second stage MOT using the 7.6kHz1S0 →3 P1 transition can be loaded

from the cooled atoms in the 3P1 state.

6. Evaporation out of an all optical dipole trap
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2.3 Apparatus

In order to realize the cooling scheme that has been presented in the previous section,

we are building a specialized experimental apparatus. Fig. 2.5 shows a picture of

the still incomplete apparatus at the time of completion of this thesis. Underneath

the picture a functional scheme has been added for better orientation.

Figure 2.5: Photo and scheme of the strontium apparatus, without optics and MOT-coils.

Within this scheme the atoms travel within the cooling cycle from right to left. A

thermal atomic beam is created within the oven by heating a reservoir of strontium

up to temperatures around 600°C with a resistive heating wire. The part of the

oven that is heated consists of a wide metal cylinder that reduces to a thin cylinder

reaching into the adjacent six-way-cross in the next section. A guiding and thermal

contact improving lane for the thermo-wire has been cut into the cylinder. The

spiral path it follows has the highest winding density at the thin end, where the

highest temperature is needed in order to avoid cloaking of the capillary nozzle that

is screwed into the cylinder cap. The capillaries are formed by steel microtubes that

are 1.2mm long and 330µm in diameter, which were obtained from standard medical

injection needles cut with a high power laser. They are packed together to a round

array of 9 mm diameter. For �ne tuning the direction of the atomic beam emitted

through the capillary tubes, the so far described construction is connected to the

apparatus via a short bellow, that reaches into the six way cross and thus minimizes

the radius to which the beam diverged at the central point of the main chamber.
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In order to further reduce the divergence of the atomic beam, the six way cross in

the next section o�ers four CF63 viewports through which an optical molasses on the

principal blue 461nm can be formed. In the molasse the transverse movement of the

atoms is cooled using standard Doppler cooling techniques. A detailed description

on transverse cooling of strontium can be found in the PhD thesis of Y.Bidel [4].

On the top side the �rst pumping stage is attached, which consists of a 40l/sec ion

pump and a turbo pump.

After passing a gate valve, the atoms enter into the Zeeman slower tube, which

with an initial diameter of 9mm also acts as a di�erential pumping tube between the

�rst and second pumping stations. The magnetic �eld is created by a �at 1x5mm

copper wire. The number of windings is chosen in such a way, that in superposition

with the �eld from the MOT coils that are going to be attached laterally to the

main chamber, a �eld strength results which compensates the Doppler shift of the

decelerated atoms at any point with the according Zeeman shift. Even though the

number of windings is decreasing from right to left, the overall �eld is that of a so

called spin �ip Zeeman slower. That means that the Zeeman shift changes its sign

with the inversion of the �eld direction, which in our case occurs in the last third of

the slower. This has the advantage over increasing �eld geometries that faster atoms

can be slowed with a lower maximum �eld and over decreasing �eld geometries is

shows the advantage that the slowing beam is detuned from the transitions of the

atoms trapped in the MOT.

The slowed atoms that leave the Zeeman slower enter into the main chamber.

It was manufactured at the local mechanical workshop from a solid block of 316L

steel. The octagonal shape with eight CF40 connections and two CF100 �anges was

designed to o�er optimal optical access and minimum volume.

To reach ultrahigh vacuum conditions, there is a second pumping station con-

nected via a T to the main chamber. The T inhabits an additional 45° inclined

mirror, which will guide the laser beam for Zeeman slowing from the side window

onto the main axis. The reason for deviating the laser beam is that a window on

the main axis would quickly become opaque due to the strontium beam that would

coat it. Usually [32] a sapphire window, that is heated up to 450K is used. Using a

mirror instead bears the advantage that no transparency but re�ectivity is required,

which might not be a�ected tremendously.
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3 Frequency stabilization of the

689nm laser system

Any laser �eld created by a diode laser is subject to noise.That means that the cre-

ated electromagnetic �eld cannot be described by a perfect sine wave with a speci�c

frequency. These deviations are caused by uncontrolled changes of parameters that

in�uence the lasing process. For example, noise of the driving current of the laser

diode changes of length of the involved resonators due to vibrations, thermal noise

and drifts, as well as electrical noise in case of the piezo crystal that determines the

length of the resonator that is formed by the grating and the laser diode itself. For

extremely stable systems even changes to the refraction index of the air the laser

beam passes through, which are caused by temperature and pressure changes, may

have an important impact.

For many research and high tech applications, a controlled and stable laser �eld

is crucial. In the �eld of atom-optics, lasers are the principal tool for manipulating

atoms. In our case, to achieve a Sr-BEC, we need a stable laser for e�ciently

operating a secondary MOT.

In order to attain a more stable �eld, there are two possibilities. Firstly, the

�uctuations of the parameters of the lasing process can be reduced to a minimum

and secondly, one can try to compensate for those uncontrolled �uctuations via

a feedback loop. Extremely good results have been achieved by using the Pound

Drever Hall (PDH) Technique, which has been developed in the early 1980s and has

evolved to a standard in laser frequency stabilization.

To compare di�erent systems and formulate prerequisites the term stability has

to be quanti�ed. In a more abstract context the laser �eld can be considered as a

precision oscillator, for which extensive models have been developed in the mid-1960s

[33] that de�ne standards in measures of stability.

This chapter consists of three sections. In sec. 3.1 the PDH technique, which we

used to stabilize the 689nm laser, is explained, in the following sec. 3.2 the theory

necessary in order to quantify the achieved stability is introduced. And �nally in

sec. 3.3 the realization of the actual system is described.

3.1 The Pound Drever Hall technique

3.1.1 Electronic feedback loop

An electronic feedback loop is a signal loop between the system to be stabilized and

an electronic controller device. From the system to the controller, an error signal
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representing the deviation of the system from its desired state is transmitted. The

loop is closed by the feedback signal transmitted from the controller to the system

in order to steer it in such a way that the error signal is minimized.

In the case of the laser frequency stabilization loop, the error signal describes

the frequency deviation of the laser �eld, and the feedback signal is directly fed into

the laser diode, modulating the current and thus regulating the frequency.

3.1.2 Central idea

The central idea of the PDH technique concerns the frequency discrimination, that

means determination of the current laser frequency. This is a di�cult issue, because

no electronics have been developed yet operating at the frequency of optical light,

i.e. hundreds of THz, in order to measure the frequency directly. Even if there was

such a quick circuit available, there still is the need of a reference oscillator that has

a stability equal to or higher than the one aspired for the laser.

There are various techniques that solve this problem by using an optical setup1.

As a reference a high �nesse optical resonator, which is available with extremely

high stability, is employed. The determination of the frequency deviation can be

accomplished by using the frequency dependent re�ection coe�cient of an optical

resonator de�ned as

F (ν) =
Erefl
Ein

where Erefl and Ein are the re�ected and incident �eld amplitudes respectively. It

describes the amplitude and phase of a the re�ected beam. In the vicinity of a

resonance frequency, it can be depicted as in �g. 3.1.
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Figure 3.1: Amplitude(a) and phase(b) of the re�ection coe�cient F (ν) of an optical
resonator with a �nesse of 6000 and a free spectral range of 1.5GHz.

1A frequency comb is another approach to determine optical frequencies of a light �eld with

high precision.
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The most obvious solution, called side of fringe locking, consists of separating the

re�ected beam from the incoming with a combination of a polarizing beam splitter

(PBS) and a λ
4
-plate, and measure its intensity with a photodiode. The resulting

electronic signal constitutes in �rst order a linear mapping to the laser frequency

ν around the half maximum points, and can the be fed as an error signal to the

controller, which regulates the system in such a way that a constant intensity is

obtained at the diode which ideally corresponds to a �xed frequency.

The problem with this solution is that not only the laser frequency but also the

laser intensity is subject to noise, thus the control electronics cannot distinguish

between a frequency variation and an intensity variation, i.e. there would be a non-

constant error signal even though the laser was stable and it would be destabilized

by the control.

The idea of the PDH stabilization sets in at this point: to isolate the frequency

noise, the error signal is taken from the re�ected beam at resonance where the

intensity, as well as its derivative with respect to ν, go to zero in an ideal case.

This, on the other hand, creates a di�erent problem: the signal is symmetric to

the setpoint and therefore does not carry any instantaneous information about the

direction in which the control should counteract.

While the amplitude of F (ν) is symmetric around resonance, the phase (cf. �g.

3.1 (b)) is antisymmetric and reveals the desired information about, to which side

the laser is detuned.

As there is no device or method developed to measure the phase of an optical

em. �eld directly, interference is used in order to determine the phase. Imagine

superimposing the following �elds:

E1 ∝ sin (2πνt+ ϕ)

E2 ∝ sin (2π (ν − δν) t)

WhereE1is the �eld oscillating with ν near the resonance, and E2 a �eld oscil-

lating with a frequency shifted by δν o� resonance and a phase di�erence in respect

with E1 of ϕ. The interference term of the superimposed �eld2 is a superposition of

the sum-frequency and the di�erence frequency, while both carry the phaseshift:

(E1 + E2)2 = E2
1 + E2

2 + 2E1E2︸ ︷︷ ︸
interference term

2E1E2 = sin [2π (2ν − Ω) t+ ϕ] + sin (2πΩt+ ϕ)

The resulting intensity thus carries the information about the phaseshift, this

time oscillating at a frequency δν which is much smaller than ν. Thus the phaseshift

can be extracted electronically and, as will be shown later, constitutes a steep, non-

symmetrical error signal.

2neglecting any amplitudes in the following
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Taking advantage of the phaseshifting characteristics of an optical resonator, one

can determine the actual laser frequency deviation from resonance by extracting the

phaseshift of the re�ected beam via interference. As the phaseshift is independent

of the intensity of the incoming beam, the frequency noise is decoupled from the

intensity noise.

3.1.3 Optical resonators

By the term optical cavity resonator (short: cavity/resonator) I want to refer to

a device that basically consists of two high re�ective mirrors that are positioned

opposed to each other with a shared surface normal, separated by a distance L.

In such a setup the amplitude of electromagnetic modes within the cavity shows

a strong frequency dependency, because of which it is called resonator.

Kogelnik and Li give a great review on the theory of resonators in[20]. For our

experiment it was important to decide on the parameters of the cavity, to perform

a mode match i.e. to couple a laser beam in such a way to the resonator that

the maximum amplitude is transferred to the desired mode and, to perform the

stabilization, to understand the re�ection o� a Fabry�Pérot interferometer as a

model for our cavity.

3.1.3.1 The Fabry�Pérot interferometer

Figure 3.2: Stylized interference of the
paths re�ecting a beam o� an FPI.

A Fabry�Pérot interferometer con-

sists of two parallel plane mir-

rors as shown in �g 3.2. An

incident beam will be re�ected

between the mirrors, while for

each re�ection there is a leak-

age. So the initial beam will be

partially re�ected and partially

transmitted. The complex over-

all re�ection coe�cient can be cal-

culated summing up the partial

beams with the correct optical

path di�erence3 δ = 2kL, with

the wavenumber k and mirror distance L, and amplitudes determined by the mirror

3There is a π-phase shift for the very �rst re�ection.



3.1 The Pound Drever Hall technique 19

re�ection and transmission coe�cients r ant t.

F (ν) = reiπ + t2reiδ
∞∑
n=0

(rr)n einδ = −r + t2reiδ
∞∑
n=0

(
r2eiδ

)n
= −r +

reiδt2

1− r2eiδ
=
−r + r3eiδ + reiδ(1− r2)

1− r2eiδ

F (ν) =
r
(
eiδ − 1

)
1− r2eiδ

(3.1)

The frequency dependence of the re�ection coe�cient F (ν) is called airy formula4.

The ν dependence is entirely included within

eiδ = eik2L = ei2πν
2L
c = e

i2π ν
νFSR = e

i2π ∆ν
νFSR

and thus F (ν) is a periodic function with a period of

νFSR =
c

2L

which is called free spectral a range (FSR) and can be su�ciently described by the

modulus frequency ∆ν.

The normalized intensity of the re�ected beam as shown in �g. 3.3 is given by

|F (ν)|2 = 1− (t2)2

(1− r2)2 + 4r2 sin2 1
2
δ
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Figure 3.3: Normalized frequency spectrum of a Fabry�Pérot interferometer.

The FWHM for one of the intensity peaks computes by setting
∣∣F (1

2
νFWHM)

∣∣2 = 1
2

to

νFWHM = νFSR
2

π
arcsin

√
2t4 − (1− r2)2

4r2
≈ νFSR

2

π
arcsin

1− r2

2r
≈ νFSR

π

1− r2

r

4not to be confused with the airy function.
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The �nesse F characterizes the width of the resonance relative to the free spectral

range

F =
νFSR
νFWHM

≈ πr

1− r2

3.1.3.2 A stable resonator

The presented Fabry�Pérot interferometer is on the border to instability, as only a

perfectly collimated beam orthogonal to the surfaces would stay inside the interfer-

ometer for an in�nite number of re�ections and would guarantee perfect interference.

This is why in practice curved mirrors are used to refocus the beam.

In such a resonator various spacial modes with similar frequencies can exist,

and get populated depending on the parameters of the incoming beam. In most

cases it is desired to excite the fundamental mode, which has a Gaussian inten-

sity pro�le. The other modes are called Transverse ElectroMagnetic modes, short

TEMmn- modes show m/n minima in their horizontal/vertical intensity pro�le and

most importantly their phase φ develops di�erently in respect to the longitudinal

z-coordinate (originating form the focal point) [20]

φmn(z) = (m+ n+ 1) arctan

(
λz

πw2
0

)
where λ is the wavelength and w0 the beam waist.

The simple model presented in sec. 3.1.3.1 still holds true, but the phaseshift

δ for one �roundtrip� has to be replaced by twice the phase di�erence between the

two mirrors, leading to a new resonance condition

δmn = 2 (φmn(Mirror 1)− φmn(Mirror 2))
!

= 2π ·N (3.2)

This means that the spectrum of the resonator shows additional resonance frequen-

cies that can be associated to a transverse mode with speci�c m and n. The relative

strength of the TEM modes depends on the coupling to the incident exciting beam

and its intensity pro�le.

3.1.4 Deriving the error signal

In order to achieve the necessary interference (as described in the previous section),

sidebands are created by modulating the laser frequency. Fig. 3.4 shows how the

laser beam is partly re�ected of the resonator, separated from the incoming beam

by a λ
4
-plate and a polarizing beam splitter (PBS) and �nally sent to a photodiode

(PD) where the intensity of the interfering E-�elds is converted to an electronic

signal.
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Figure 3.4: The optical setup for a PDH stabilization. A VCO modulates sidebands
onto the laser, which propagates to the cavity, where it is re�ected. The re�ected beam is
separated using a λ

4 -plate and a polarizing beam splitter (PBS). The intensity is registered
by a photodiode (PD).

The modulation can be achieved by using a Pockels cell, or by modulating the

driving current for the laser diode. The phase-modulated �eld can be written as5

E(t) = E0e
2πi(νt+βsinΩt)

= E0

[
J0(β)e2πiνt + J1(β)e2πi(ν+Ω)t − J1(β)e2πi(ν−Ω)t +

∑
i>1

(
Ji(β)e2πi(ν ± Ω)t

)]

Figure 3.5: Sidebands created via frequency
modulation.

where the Ji(β) are the Bessel func-

tions of the �rst kind, Ω the modulation

frequency and β the modulation depth.

For small modulation depths, the Bessel

functions for orders i > 1 become very

small and are of no signi�cance in the

following.

The laser spectrum (see �g. 3.5)

thus consists mainly of the three fre-

quencies ν, ν + Ω and ν − Ω with am-

plitudes J0(β), J1(β) and −J1(β). Note

the minus sign indicating the sidebands

being 180 degrees out of phase.

The beam re�ected from the res-

onator can be described by multiplying each fourier-amplitude with the correspond-

ing frequency dependent complex re�ection coe�cient F (ν):

Erefl(t) = E0

[
F (ν)J0(β)e2πiνt + F (ν + Ω)J1(β)e2πi(ν+Ω)t − F (ν − Ω)J1(β)e2πi(ν−Ω)t

]
(3.3)

The photodiode measures the resulting power which can be considered, for a

certain resistance, as a voltage signal U(t) ∝ Erelfl(t)Erelfl(t). Taking a look at the

5using the Jacobi-Anger expansion and J−n(x) = (−1)nJn(x)
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exponents in eq. 3.3 , reveals that the signal will consist of harmonic waves with

frequencies 0 i.e. DC, Ω, and 2Ω. The phase information can be extracted from the

Ω term, which computes to

UΩ(t) = |E0|2 J1(β)J0(β)
[
F (ν + Ω)F (ν)− F (ν)F (ν − Ω)

]
︸ ︷︷ ︸

A(ν)

e2πiΩt + c.c. (3.4)

The frequency dependency within this equation is completely contained in the

term abbreviated as A(ν). Since it is purely composed by the function describing

the re�ection coe�cient, it inherits its periodicity and it is su�cient to consider

A(∆ν).

The frequency information can now be extracted electronically by using a mixer,

which is fed with the photodiode signal on one side, and on the other with the

signal of the oscillator that generates the sidebands, delayed by a phase shifter. The

output of this con�guration can be expressed by

Uout(t) = Uin(t) � sin (Ωt+ ϕmix) = Uin(t) �
1

2i

(
e2πiΩt+iϕmix − c.c.

)
Inserting the photodiode signal from eq. 3.4 yields

Uout(t) ∝
1

2i

(
A(∆ν)e2πiΩt + A(∆ν)e−2πiΩt

) (
eiϕmixe2πiΩt − e−iϕmixe−2πiΩt

)
An additional low pass allows only the DC parts to pass, so the only terms that

remain are the ones in which the exponentials cancel each other out, and the DC

signal constitutes the error signal

ε(t) ∝ 1

2i

(
A(∆ν)e−iϕmix − c.c.

)
= Im

[
A(∆ν)e−iϕmix

]
Fig. 3.6 shows the theoretical error signal, computed for a re�ection coe�cient

as derived in the previous section and a phase ϕmix = 0.
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Figure 3.6: Im [A(∆ν)] for an optical resonator with a �nesse of 6000 and a free spectral
range of 1.5GHz.
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There are three reasons for which ε is well suited as an error signal. First of

all it exposes a very steep inclination around resonance (∆ν = 0), secondly, the

whole range of (+Ω,−Ω) has the right sign for capturing a destabilized laser, and

thirdly, the crucial central part can be well approximated by a linear relation between

frequency deviation and signal strength.

For other phases ϕmix the inclination decreases until the signal becomes inverted.

The reason for using the phase shifter is the necessity to compensate for a phase

shift between the original oscillator and the signal arriving at the mixer, due to

phase that it gathered while traveling the longer path from the laser to the diode

and through the cables to the mixer.

3.1.5 Frequency discriminator

Finally Im [A(∆ν)e−iϕmix ], which represents the error signal except for a scaling

factor and possibly an o�set, can be approximated in the case of an optical resonator

with a resonance coe�cient as described in sec. 3.1.3 in a region of the FWHM

around a resonance as ([5])

Im
[
A(∆ν)e−iϕmix

]
≈ −4F ∆ν

νFSR
(3.5)

This means that as long as the frequency deviations are small, there is a linear

dependence between the error signal ε, which is measured in a voltage, and the

current frequency deviation. The factor converting from the voltage domain to the

frequency domain is called discriminator and de�ned as

d =
ε

∆ν

so that the frequency deviation can be expressed as

∆ν(t) =
1

d
· ε(t)

3.2 Measures for stability

To quantify the stability of our laser system we used the two measures that have

been recommended by the IEEE for precision oscillators [33]. They are the Power

Spectral Density as described in sec. 3.2.3 and the Allan Variance de�ned in sec.

3.2.4.

3.2.1 Basic definitions

The precision oscillator in our case is the electromagnetic �eld emitted by the laser

diode and resonating within the cavity. The electrical �eld component can be de-

scribed by

E(t) = E0e
i(2πν0t+ϕ(t)) = E0e

iφ(t) (3.6)
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Commonly the instantaneous angular frequency is de�ned as the derivative of

the phase φ(t) of the exponential

ω(t) =
d

dt
(2πν0t+ ϕ(t)) = 2πν0 + ϕ̇(t)

As for a stable oscillator ϕ̇(t)� 2πν0, it is practical to de�ne the dimensionless

fractional frequency

y(t) =
ω(t)− 2πν0

2πν0

=
1

2πν0

ϕ̇(t) (3.7)

and analogously the fractional phase

x(t) =
ϕ

2πν0

They are related by the di�erential equation

y = ẋ (3.8)

In the following it will be important to consider y(t) as stationary, which is

de�ned ([33] within [36])as:

A random process is stationary if no translation of the time coordi-

nate changes the probability distribution of the process.

3.2.2 Discretization and bandwidth limitations

For further processing of the error signal, it has been digitized, which means that

there is a bandwidth limitation, which is determined by the acquisition device. A

data point value yk taken at a time τk = (k + 1)/fDAQ, where fDAQ is the sampling

frequency of the data acquisition device, can be modeled as

yk =
1

τ0 − τDead

τk+τ0−τDeadˆ

τk

y(t)dt (3.9)

where τDead is the dead time of the device.

This discretization acts as a low pass �lter, which cuts o� frequencies higher

than the Nyquist frequency

fh =
1

2
fDAQ =

1

2τ0

since, according to the Nyquist�Shannon sampling theorem, oscillation at these

frequencies cannot be reconstructed from the acquired yk's.

There is also a bandwidth limitation fl for low frequencies which is naturally

given by the �nite length of the measurement.

The mean frequencies for longer integration times τ ′0 = nτ0 (n ∈ N ) can be

obtained by digitally averaging, after the data has been taken, n data points of a
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acquisition with an integration time of τ0, which means that we have a software

control of the used bandwidth of acquisition. This has the advantage that less

acquisition series have to be taken and thus the measuring process is accelerated

and the data is easier to handle. Furthermore the additional acquired information

can be of use, as will be explained later in sec. 3.2.4.

The increased data volume can be handled easily by modern computers. An

acquisition rate of 1.5 MHz, corresponding to an integration time of 667ns, generates

at double precision (64Bit), a data rate of 12 MBytes/s.

Discrete fourier transform For calculating the Power Spectral Density of fre-

quency �uctuations (see sec. 3.2.3), it will be necessary to calculate the complex

frequency component amplitudes Am, which constitute the Fourier transform of the

discrete yk's. The discrete Fourier transform is de�ned as [26]

Am =
1

N

N−1∑
k=0

yke
−2πi fmτk =

1

N

N−1∑
k=0

yke
−2πimk

N

where the Am's are associated with frequencies fm = m∆f for m ∈ [0, N/2] and

∆f = 1
Nτ

. The fact that the yk's are real numbers yields

AN−m = Am

3.2.3 Power spectral density

To characterize the frequency spectrum of a random signal, the Fourier transform

(FT) is not su�cient, because itself is random a variable [31], which means that

even for a stationary process the FT is time dependent. For this reason the power

spectral density has been developed6 (PSD) as a time independent measure of the

probabilistic properties of a random signal. The PSD Sy(ω) of a signal y(t) is de�ned

as the power in the ω-frequency component carried by the signal.

Like every stochastic process, random signals can only be described within a

limited certainty by a so called estimator. To obtain an estimator of the PSD one

may use either an electronic device called a spectrum analyzer or compute it from

a series of digitally acquired signal points. From the various estimators that exist,

the averaging periodogram estimator is going to be used to characterize the noise

signals. It is de�ned as

Sy(ω) =

〈∣∣∣∣∣∣ 1

T

T̂

0

y(t)e−iωtdt

∣∣∣∣∣∣
2〉

where increasing times T and increasing numbers of terms contributing to the aver-

age improve the estimate.

6not to be confused with the spectral density.
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Via the Wiener Khintchine Theorem

Sy(ω) =
1

2π

+∞ˆ

−∞

g(1)
y (τ) · e−iωτdτ

the PSD can be related to the auto correlation of �rst order

g(1)
y (τ) =

〈
y(t) · y(t+ τ)

〉
(3.10)

The PSD also relates to the variance of the signal via

∞̂

0

Sy(ω)dω = g(1)
y (0) = σ2

y

However the integral not necessarily converges for all signals, leading to a sin-

gularity in g
(1)
y (0) , which renders the estimation of a variance impossible. For this

reason, de�nitions di�ering from the one above were developed.

3.2.4 Variances

There are several di�erent types of variances that can be used to describe the data

set of samples {yk|k ∈ [1, N ]} with a mean of y = 1
N

∑N
k=1 yk.

N-sample variance The N-sample variance, which is the �ordinary� variance, is

de�ned as

σ2
N [y] =

1

N − 1

N∑
k=1

(yk − y)2

The fact that this variance does not always converge with N → ∞, yields the

necessity of other types of variances.

Allan-variance The Allan Variance is de�ned as

σ2
A [yk] =

1

N − 1

N−1∑
k=1

1

2
(yk+1 − yk)2 =

1

N − 1

N−1∑
k=1

σ2
N [yi, i = k, k + 1]

which is the average of variances of pairs, and is therefore also called pair vari-

ance. It is not subject to the same convergence problems as stated in [33]:

...it converges for all the major noise types observed in precision oscilla-

tors.
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Modi�ed Allan-variance The modi�ed Allan-Variance (estimator7) is de�ned[30]

as

σ2
modA [yk] (nτ0) =

1

2n4(N − 3n+ 2)

N−3n+1∑
j=0

{
j+n−1∑
i=j

i+n−1∑
k=i

(yk+n − yk)

}2

(3.11)

It was developed by D.W. Allan [1] to distinguish between white phase noise

and �icker phase noise (cf. sec.3.2.5), which is not possible with the standard Allan

variance (see formulas in tab. 3.1).

The modi�ed Allan variance takes advantage of the additional information recorded

when sampling at the highest frequency and deducing the lower bandwidth data in

post-processing (cf. 3.2.2). Therefore eq. 3.11 includes additional sums.

3.2.5 Noise

A distinction between �ve major di�erent types of noise has been developed empir-

ically. These are considered independent and therefore the corresponding spectral

densities can be added up. Each of them is characterized by a single parameter hα
indicating its prevalence. The total noise spectrum is given by

Sy(ν) =
2∑

α=−2

hαf
α

Table 3.1 gives a summary of the properties of the di�erent noise types.

Name α Sy(ν) σ2
A [yk] (τ)

White phase modulation 2 h2f
2 3h2fc

8π
τ−2

Flicker phase modulation 1 h1f
3h1 ln(2πfcτ)

4π2 τ−2

White frequency modulation 0 h0
1
2
h0 τ

−1

Flicker frequency modulation −1 h−1f
−1 2 ln (2) h−1

Random-walk frequency modulation −2 h−2f
−2 1

6
(2π)2 h−2 τ

Table 3.1: Citations of most common noise types in precision oscillators. fc refers to the
highest frequency that could be resolved.

3.2.6 Estimation of the laser linewidth

As the �nal goal of the stabilization is to reduce the bandwidth of the laser to the

order of the linewidth of the 1S0 →3 P1 transition to operate an e�cient MOT,

the quantity of interest is the linewidth of the laser. It can be deduced [7]from the

7for the full amount of data the calculation might take extremely long.
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Allan-variance of the frequency �uctuations, if a Gaussian distribution of the yk's is

assumed, which means that the characteristic function is given by

ϕy(τ) =
〈
e2πiντy

〉
=eitµ−

1
2
σ2t2

where µ is the mean value of y. The power spectral density SE(ω) is calculated

analogously to the spectral density of frequency �uctuations Sy(ω) using the Wiener

Khintchine theorem. Therefore the auto correlation (eq. 3.10) of the electric �eld

as de�ned in eq. 3.6 has to be calculated

g
(1)
E (τ) = |E0|2 e2πiντ

〈
ei(ϕ(t+τ)−ϕ(t))

〉
t

(3.12)

The phase di�erence in the exponent can be written with the normalized phase and

by using the fundamental theorem of calculus and eq. 3.8 it can be related to the

instantaneous frequency

2πν0 · [x(t+ τ)− x(t)] = 2πν0

t+τˆ

t

y(t′)dt′

where the integral over the frequency corresponds to the measured values yk as

de�ned in eq. 3.9. Hence the correlation function becomes

g
(1)
E (τ) = |E0|2 e2πiντ

〈
e2πiντyk(τ)

〉
t

Now the assumption of Gaussian distributed values sets in and resolves the correla-

tion function to

g
(1)
E (τ) = |E0|2 e2πiντeπν

2τ2σ2
A[yk](τ)

For an Allan-Variance that is predominantly due to white frequency noise and

can thus be described by (see tab.3.1)

σ2
A[yk](τ) =

1

2
h0τ

−1

the power spectral density can be obtained analytically as

SE(ω)

|E0|2
=

1

π

γ

γ2 + (ω − ω0)2

which describe a Lorenz pro�le with a HWHM8(in ω domain) of γ = h0π
2ν2

0

which gives a FWHM9 (in ν domain) of

Γ = h0πν
2
0

8
H alf W idth H alf M aximum

9
Full W idth H alf M aximum
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3.3 Setup

The setup we realized on the optical table for conducting a PDH stabilization is

straightforward and closely resembles the setup already shown in �g. 3.4. The

complete optical setup, including the spectroscopy that will be discussed in chap.

5, is illustrated in �g. 3.7.

Following the propagation direction of the laser beam, starting from the diode

laser, there is a sequence of a λ
2
-plate and a polarizing beam splitter (PBS) to

control the total intensity, and extract a fraction to couple it into a �ber and use

it to measure the laser frequency with a wavemeter. In between the �rst PBS and

the �ber coupler, there is another sequence of a λ
2
-plate and a PBS, which could be

used if light was needed for other purposes without disaligning the remaining setup.

Following the main path of the light, there is a lens system for mode matching the

beam with the cavity (see sec. 3.3.3) and �nally the PDH-setup as already described

in sec. 3.1. Roughly 60% of the power of the stabilized laser passes through the

cavity and is used for the spectroscopy)

3.3.1 Laser

As a laser source we use a TOPTICA DL-Pro system, which consists of an antire-

�ection coated laser diode, emitting around 689nm, in Littrow con�guration with

an external tunable grating. Within the housing there also is an integrated Faraday

isolator. The control system consist of a temperature control, a current control, a

PDH unit, a fast analog control and a scan control. Fig 3.8 shows a scheme of the

TOPTICA laser control system.
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Figure 3.8: Scheme of control connections for the DL-Pro.
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The control unit includes all necessary electronics for the PDH stabilization.

The PDH detector consists of the oscillator that generates the sidebands at 20MHz,

a mixer that is internally connected to it via a phase shifter and a low pass that

extracts the DC information and provides the error signal at the error out port.

For the input of the PDH photo diode, an ampli�er is provided. There is also a

controller unit (FALC), that o�ers various time constants for the internal series of

extra slow limited integrator10, slow limited integrator and fast limited di�erentiator.

While their output is directly connected to the laser diode, there also is an unlimited

integrator that connects to the scan control (controlling the piezo of the grating and

the DC diode driving current) in order to compensate for drifts on a large timescale.

All connections are on a 50Ω basis. This implies that the total resistance, and

therefore the saturation behavior, of the photo diode circuit is in�uenced by the PDH

detector, such that the signal should only be monitored using a high impedance

oscilloscope, when the PDH detector is connected. Also the connection between

the PDH detector and the FALC has to be considered with care. Connecting a

spectrum analyzer (50Ω) with a T-connector in parallel to the error out reduces the

signal arriving at the FALC.

3.3.2 Resonator

As a cavity we used a commercial Advanced Thin Films (ATF) cavity of �nesse

6000. It consists of two mirrors that are optically connected to a 10cm long spacer

tube made of ultra low expansion (ULE) material manufactured by Corning. This

material was chosen as it has a vanishing thermal expansion coe�cient for a speci�c

temperature. In our case this temperature has been measured by the manufacturer

to be 35.9°C. Fig. 3.9 shows a plot of the temperature dependence of the thermal

expansion coe�cient.

Figure 3.9: ULE expansion coe�cient ∆L
L in [ppm] (y-axis) over temperature in °C[18].

10for control elements see [38]
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3.3.2.1 Choice of mirrors

A decision had to be made whether to use a symmetric resonator with two curved

mirrors with a radius of curvature of 50cm (ROC) facing each other, or to use an

asymmetric resonator with one curved mirror (ROC=50cm) and a �at (ROC→∞)

mirror. Since the two geometries imply di�erent symmetries, the positions of the

mirrors relative to the focal point in eq. 3.2 change. Therefore the distribution of

TEM modes in the two cases is di�erent. This is important, even though for the

stabilization only the fundamental mode is going to be used, because in most cases

the beam that has to be coupled into the resonator is not perfectly Gaussian shaped.

It may for example have a slightly oval cross section causing transverse modes to be

excited, even though the focal point, divergence and incident angle might have been

adjusted perfectly. This is not desired, since they possibly modify the re�ection

coe�cient (eq. 3.1) in such a way that it disturbs the locking scheme.

To estimate the position of the transverse modes consider the two resonance

conditions [20] for the di�erent geometries

ν

νFSR
= (q + 1) + cs(m+ n+ 1)

with q being an integer number, corresponding to the order of the axial modes,

m and n as de�ned before (sec. 3.1.3) and cs a constant de�ned by the geometry

c( ) =
1

π
arccos

(
sgn

(
1− L

ROC

)√
1− L

ROC

)

c( | =
1

π
arccos

(
1− L

ROC

)
The occupation of the di�erent TEM modes depends on the intensity pro�le of

the incident beam. It can be determined by projecting the intensity pro�le onto the

basis that is formed by the set of pro�les associated to the TEM modes. Generally

the higher order TEM modes are more di�cult to excite. More likely to excite are

the lower TEM modes as for example by an aspect ratio of a Gaussian beam di�erent

from one.

Therefore for the best operation of a PDH-lock, the lower order TEM modes

around the Gaussian modes should be maximally suppressed.

Lets consider a speci�c fundamental mode with q = Q, then all the lower lying

modes with q = Q− q∆, where q∆ ∈ {1, 2, ..., Q}, will have equidistant TEM-modes

at higher frequencies, possibly close to the one of the one of the fundamental mode

with q = Q. The frequencies of these q∆ modes relative to the Q mode are given by

∆ν =
νq∆nm
νFSR

− νQ00

νFSR
= −q∆ + cs(m+ n)
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If we de�ne a window of interest of ±νw = ±30MHz, which is necessary for a

PDH stabilization with sidebands of 20MHz, around the fundamental mode Q, we

can formulate the problem as follows

νw
νFSR

< ∆ν <
−νw
νFSR

which is equivalent to

min

{
q∆ |

(
q∆ +

νw
νFSR

)
modcs < 2

νw
νFSR

}
This means we �nd the smallest q∆ for which a TEM mode exists that falls into

the 30MHz window.
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Figure 3.10: TEM modes for two di�erent resonator types: + indicates an asymmetric
and � a symmetric resonator. The y-axis corresponds to the normalized frequency dif-
ference between a resonance of order Q and the TEM modes corresponding to a lower
order Q− q∆ where the blue line indicates the window of ±30MHz to be kept clear. The
symmetrical resonator shows to be the better choice.
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In �g. 3.10 the problem is solved graphically. The lines with the squares represent

the double concave resonator, while the crosses correspond to the asymmetrical

concave-plane resonator. There are three lines for every con�guration: the central

one for a mirror distance of 10cm, the lower and upper for a slightly di�erent length of

±0.5%. The horizontal solid blue line represents the window around the fundamental

resonance. For points below that line, a TEM mode exists within the speci�ed

window. The graphic shows clearly that the symmetric cavity should be used.

3.3.2.2 Housing

The cavity is mounted within a special housing produced by Stable Laser Systems.

The housing ensures that the exact temperature of the zero crossing of the thermal

expansion coe�cient is maintained by thermal isolation/shielding and a heating re-

sistor, that we controlled with a temperature control that was build by our electronic

workshop. The input for this control is an integrated type F thermo resistor. Fur-

thermore the housing provides vibrational isolation and can be evacuated in order to

avoid frequency �uctuations caused by atmospheric pressure changes, which change

the optical density of the air between the mirrors.

3.3.3 Mode matching

To transfer the maximum power into the fundamental mode, the incident beam has

to be adjusted in such a way, as if it was the extension of that mode. There are six

beam parameters, if we assume the incident beam to be Gaussian: position of focus

(3x), angle to focus (2x) and divergence (1x), which is equivalent to the beam waist.

Four of those, angle (2x) and the position of the focus within the plane perpendicular

to the propagation direction (2x), can be adjusted by using a pair of mirror mounts.

The remaining two are determined by a lens system.

Since the cavity within the housing has an optical axis that is well above the

beam level used in the rest of the experiment, an elevator, constructed from two

parallel mirrors, located right in front of the housing, lifts the beam axis to match

the one of the resonator. It also serves well for �ne tuning the coupling because the

two mirrors it is made of are the ones closest to the resonator and hence o�er the

highest precision.

3.3.3.1 Lens system

The lens system we used consists of a focusing lens of 500mm focal length, located

on a translation stage at a beam distance of 500mm from the center of the cavity to

create the right focal point for a collimated beam, and a telescope right before this

lens to ensure a beam diameter that results in the desired divergence for the used

focal length of the focusing lens.

To calculate the divergence we consider, as described in the previous section,

the boundary conditions of the Gaussian beam, which are given by the mirror pair



34 Frequency stabilization of the 689nm laser system

forming the cavity. The radius of curvature (ROC) R of a Gaussian beam with waist

w0 and wavelength λ at a distance z from the focus is given by [19]

R(z) = z

[
1 +

(
πw2

0

λz

)2
]

This allows to express the necessary beam waist for a cavity of length L and two

mirrors of ROC R as follows

w0 =
4

√
L(2R− L)

(
λ

2π

)2

For R = 50cm and L = 10cm the waist has a radius of

w0 = 181µm

and leads to an asymptotic divergence of the beam of

θ = 1.2 · 10−3 rad

At a distance of 500mm, at the focusing length, the beam has widened to a radius

of

wLens = 600µm

The beam that is emitted by the DL-Pro is only slightly divergent. The radius at

a distance equal to the distance of the �rst lens of the telescope, has been measured

with a razor blade mounted on a micrometer table to determine the integrated power

pro�le.

wDL-Pro ≈ 400µm
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Figure 3.11: Scheme of the beam pro�le for mode matching the resonator.

The ratio of 2:3 simpli�es the choice of lenses for the telescope. We chose a

100mm lens and a 150mm lens. The beam shape is illustrated in �g. 3.11.
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3.3.3.2 Mode matching process

During the course of the experiment the cavity had to be taken out of the optical

system a few times. In the following, the sequence that evolved for matching the

beam parameters most quickly will be outlined.

As preparation, it is recommendable to measure the cavity position relative to

the housing and mark the focal point on the housing.

� At �rst the beam should be aligned, without the cavity, so that it is at the

right height and parallel to a table edge.

� The focus of the beam should be found to set the housing in place so that the

mark is situated at the focus and it is also parallel to the table.

� Then, using full intensity and scanning the laser over a FSR or more, the beam

should be aligned roughly via the two mirrors in front of the cavity. When

positioning the beam into the center of the housing entry (via the mirror �rst

hit by the beam), a weak transmission should already be observable11. Usually

it looks like two fuzzy points with ring like structures. The points should be

brought to maximum overlap to minimize the size of the pattern.

� Once the pattern is minimized, the frequency scan can be turned o� or reduced

to a very low amplitude. Now, manually tuning the frequency the fundamental

Gaussian mode can be found.

� Increasing the scan a little, the transmission peak can be displayed using a

photodiode and can be maximized by a beam walk.

11The room light should be shut o�.
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Figure 3.7: The complete optical setup for the laser stabilization.



4 Characterization of the relative

frequency stability

4.1 Preadjustments

To lock the laser, it is set to scan over the desired resonance. First the coupling to

the cavity was improved by adjusting the two elevator mirrors while monitoring the

re�ection signal on the photodiode PD:PDH as shown in �g. 3.7. Then, the lambda

plates angles were adjusted to attain the most profound dip possible.

Next the error signal was monitored using a 1.5MHz low pass �lter. By varying

the phase delay and the lambda plates, it was adjusted in such a way to resemble

most closely the ideal signal A(ν) (�g. 3.6).

4.1.1 Discriminator

To determine the discriminator it is not possible to scan the laser over a resonance,

record the error signal and �t a straight line around the center, because the free

running laser is not stable enough to resolve the steep slope. Fig. 4.1 shows one

of the best results for an error signal. The black line is the raw data, the blue line

shows the data processed by a digital low pass and the red line was obtained by

manually �tting a theoretical curve.
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Figure 4.1: Error signal, taken with a free running laser (black), after digital low pass of
1.5MHz (blue) and theoretical curve (red).

For the �tting we trusted the �nesse of 6000 that was measured by the manu-

facturer. Taking the maximum and minimum values of this signal, creates a scale

for A(ν), thus we can describe the error signal ε by

ε(∆ν) =
(max ε−min ε)

2
� Im

[
A(∆ν)e−iϕmix

]
+ εo�set
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Eq. 3.5 yields for the current frequency

∆ν(ε) = −νFSR
2F

ε− εo�set
(max ε−min ε)

The fractional frequency y(t) as de�ned in eq. 3.7 can then totally be described by

the error signal

y(t) =
∆ν(ε(t))

ν0

= − νFSR
2Fν0 (max ε−min ε)

(ε(t)− εo�set)

Before taking any stability measurements, a series of discriminator signals were

recorded to determine the corresponding discriminator from the distance of the

extrema for each scan.

Once this was achieved, the standard settings for the FALC were activated and

the gain maximized to correct the o�set. Reducing the gain to zero again, the scan

amplitude was reduced as much as possible without losing the resonance. By slowly

increasing the gain the laser was locked. Once it was locked, the scan was turned

o� and the unlimited integrator turned on and adjusted to keep the error signal

without o�set.

The noise of the re�ected signal on the PD:PDH was minimized by trying various

settings for the FALC and repeating the whole process with di�erent PDD settings

if necessary.

The resulting descriminator values can be found in tab. 4.1 in the following

section.

4.2 Measurement series

To measure the frequency �uctuations of the laser relative to the cavity, the error

signal of the locked and preadjusted laser was recorded with the acquisition card,

which has a high impedance and does not extract power from the signal. One billion

points were recorded at a frequency of 1.5MHz for various sets of �lter settings, light

powers on the PDH-diode and couplings as listed in tab. 4.1.

The further analysis of stability, computing the Allan variance and PSD, was

conducted in post processing. To operate on comparable values, the data has �rst

been converted to normalized frequency deviations as described in the preceding

section.

4.3 Power spectral density

The power spectral density of the normalized frequency �uctuations was computed

for �ve di�erent data sets by the averaging periodogram method (see sec. 3.2.3) and
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No 1 2 3 4 5

Power before cavity [mW] 5.5 7.77 8.34 13.1 12.5

Power after cavity [mW] 2.75 4.56 4.12 7.03 6.58

Laser diode current [mA] 658 643 643 587 589

Laser diode temperature [°C] 23.6 23.6 23.6 23.6 23.6

Grating piezo 9.28 9.52 9.40 6.32 6.28

PDD sideband amplitude 4 5 5 2 2

PDD gain 7 max max 8 8

PDD phase 0 0.5 0.1 0.4 0.4

Unlimited integrator 0 0 0 0 0

Extra slow integrator 5 5 5 5 5

Slow integrator 5 5 5 5 5

fast limited di�erentiator 10 10 10 10 10

Prop. gain [in deg, start at 6 o'clock ] - 50 55 90 90

Invert/non-invert non non non non non

Air pressure in cavity [mBar] 10−2 0.61 57 60 room

Temperatrue [°C] 25 25 25 25 25

Discriminator
[
mV
kHz

]
-0.369 -0.805 -1.111 -0.138 -0.152

Table 4.1: Settings for the di�erent measurements.

plotted in double logarithmic scaling in �g. 4.2. To achieve a good resolution in

the logarithmic scale without having to Fourier transform the complete set of 8 GB

worth of data, the bandwidth was reduced to various values by averaging. The red

dashed lines indicate the limits between regions that rely on di�erent bandwidths.

There are three bandwidth regions per decade with 215 points each, each being

divided into 32 averaging samples of 1024 points.

By only considering an interval �nite in time, a leakage error is introduced.

This means that some of the energy belonging to a certain frequency leaks into the

bins of neighboring energies. The e�ect can be made plausible by imagining the

available data as a product of the in�nite data stream with a rectangular function.

The Fourier transform thus is the convolution of the rectangular function with the

transform of the in�nite signal. To reduce this e�ect a hamming window[31] was

applied by multiplying every of the N points with a window function value w(k)

corresponding to its index k

w(k) = 0.54− 0.46 cos

(
2πk

N − 1

)
The Fourier transform of this window has less side lobes than the one for the rect-

angular one and therefore causes a smaller leakage. Applying a window also reduces

the amplitude of the resulting signal, for which it has to be compensated by a process

loss factor, which in case of the Hamming window has a value of 0.4.
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Figure 4.2: PSD for the �ve measurement series and the background signal for a null PD
input.
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The last frame shows the background spectrum, where background refers to the

error signal produced if the laser beam is blocked in front of the PD:PDH. Since there

is no discriminator to be assigned to this signal, it is scaled with the discriminator

of series no. 5 for comparsion.

The �rst three measurements are dominated by white frequency noise, while the

last two show increased noise going towards lower frequencies. While recording the

scanned error signals to determine the discriminator, it was already obvious that

the amplitude of the electronic background noise was close to the amplitude of the

error signal itself. Interpreting the discriminator value1 as the relative strength of

the error signal vs. the noise is corroborated by the increasing low frequency noise

for signals with decreasing discriminator, i. e. the noise dominated over the error

signal as it can be clearly seen by comparing the last two frames that are at the same

scale. Nevertheless it is interesting to see how the stabilization could compensate

quite a bit of that electronic noise, especially in the high frequency regime.

The smaller discriminator values principally originate in the smaller sideband

amplitudes that have been chosen while optimizing the PD:PDH signal as shown on

an oscilloscope. There, amplitudes of around two2 seemed to deliver the best results.

A main source for the background noise is the acquisition card or computer itself.

When connecting the acquisition card to the error out, or even only the computer to

the energy line, the signal signi�cantly deteriorated. This indicates a problem with

ground loops. Therefore the ground connections were optimized but the problem

remained. An energy line �ltering system, might solve the problem by using high

capacity batteries to minimizing the impact of the noise the computer feeds back

via its power supply. The implementation of such a system is already planned.

For the data taken only the �rst three series can be considered as an estimate. All

spectra show the strongest or second strongest peak at 58.4 Hz, probably caused by

the energy network with a speci�ed frequency of 60Hz. Also the second, fourth and

sixth harmonics appear. The �rst two measurements additionally show a broader

band of noise around 1000 Hz. The least noisy spectra are no. 2 and 3, where no.

2 seems to show a slightly increasing noise level for the high frequency limit.

4.4 Allan variance and laser linewidth

The normal Allan deviation was calculated for logarithmically spaced timescales

with a density of 20 timescales per decade. The averaging factor was chosen as 100.

The result is shown in a double logarithmic plot in �g. 4.3 (black line).

1The discriminator value scales the error signal. Strong sidebands for example lead to a strong

error signal. When the laser is scanned over resonance the maximum and minimum peak determine

the discriminator value.
2on the internal scale of theToptica PDD detector.
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Figure 4.3: Allan deviation σ for various di�erent con�gurations of the system. The
deviation is plotted in black over di�erent integration times τ . The straight lines represent
the Allan deviations of power spectra with Lorentz pro�les of a FWHM as indicated. The
corresponding noise is white Frequency noise. The blue line represents the background
noise of the data acquisition card, scaled accordingly to the measured signal.
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The blue line shows the background noise scaled with the corresponding discrim-

inator for each sample. The two red lines show the theoretical Allan deviation for

perfectly white frequency noise, which is (see tab. 3.1) proportional to τ−
1
2 and

appears in a double log plot as a line with an inclination of −1
2
. The y intercept

is chosen as such, that the dashed line is an upper limit for the variances on all

timescales and the solid line is an upper limit neglecting the very long time scales.

In concordance with the PSD considerations, the �rst three measurements show

closest resemblance to white frequency noise, while the last two deviate strongly

and show the strongest in�uence by the background noise. All measurements show

a harsh increase of noise for timescales longer than one second. This noise was

already visible on the oscilloscope when making the preadjustments, if the control

computer was connected. The fact that it also appears in the background means

that it is of electronic origin. Again a energy line �ltering system might solve the

problem.

To each ideal line of Allan deviation, the corresponding laser linewidth has been

calculated as described in sec. 3.2.6. Neglecting those low frequency instabilities, a

laser linewidth of the order of 500 to 600 Hz has been achieved for the �rst three

series, which ful�lls the exigence of a stability better than 1kHz.
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5 Spectroscopy as an absolute

frequency reference

5.1 Optical setup

The optical setup is shown in �g. 3.7 as a part of the complete laser setup. Once

the laser is locked to the cavity ca. 60% of the incoming intensity are transmitted

and the setup for the spectroscopy can be aligned.

Right after the cavity the beam is collimated by a 500mm lens to an 1
e2
-diameter

of 600µm. A λ
4
-plate converts the transmitted circularly polarized light into linearly

polarized light with such a polarization axis orientation that a desired fraction is

split o� by a polarizing beam splitter and can be used for the main experiment,

while the remaining fraction is guided by two mirrors and an elevator to the double

pass AOM setup as shown in detail in �g. 5.1.

λ/4 RF
-1

0
-1

0

Figure 5.1: Schematic illustration of the double pass con�guration. The AOM is situated
in the focus of a telescope, and the −1st order of di�raction is used twice to control the
�eld frequency, without changing the beam parameters.

To guide a beam in double pass con�guration through an AOM, the AOM is

placed within the focus of a 1:1 telescope1. A mirror behind that telescope, forming

a right angle with the beam axis, re�ects both, the deviated and unperturbed beam,

back into themselves as the change of the
−→
k -vector by the AOM in the focal point

is translated by the telescope lens to a parallel displacement. In the second pass

the deviated beam is deviated once again by the same amount into the opposite

direction, as it is now entering from the other side, and overlaps with the incident

beam as well as with the beam that has not been deviated during both passings.

We want to isolate the beam that has been deviated twice. This is achieved by

an iris that blocks the zeroth order in each direction, and a λ
4
-plate in combination

with a polarizing beam splitter. The frequency of the �eld of the resulting beam can

now be changed by the AOM without changing the beam parameters, which allows

to make a scan without destroying the beam overlap of the saturating and probing

beam required for the saturation spectroscopy.

1two lenses with the same focal length f with a distance of 2f .
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From there on a telescope can be inserted to enlarge the beam diameter in

order to reduce the transient broadening (see sec. 6.2.3). Between the lenses of

the telescope, there is a λ
2
-plate and a polarizing beam splitter to extract some

power from the main beam and measure it with the photodiode PD:Back in order

to determine the power �uctuations caused by the frequency dependent performance

of the AOM.

The widened beam passes through the cell twice, �rst as a pump beam, and then

being re�ected from a partially transparent mirror that reduces its power by 75%,

and once as a probe beam, with polarization axis rotated by 90° by passing a λ
4
-plate

twice, so that it will separate from the pump beam at the PBS and fall into PD:Sat.

5.2 Spectroscopy cell

For conducting saturation spectroscopy2 on the 1S0 →3 P1 line of strontium, one has

to take into account some element speci�c properties, such as the vapor pressure and

the small cross section, which demand high temperatures, or the window coating

properties, which demand a setup that protects the windows. Following the design

ideas by Ferrari et al. [14] and Simon Stellmer we managed to build a spectroscopy

cell that allowed us to successfully observe the Lamb dip.

Figure 5.2: Illustration of the CAD model for the spectroscopy cell.

2for a discussion of saturation spectroscopy see for example [10].
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Fig. 5.2 shows an illustration of the CAD model of this spectroscopy cell. It

consists principally of a tube of 750mm length and 19mm/16mm outer/inner diam-

eter, with an oven attached to its center. The oven has an inner/outer diameter of

26mm/30mm and extends 45mm from the main axis of the tube to its bottom, plus

6mm for an extra thick wall, in which a hole is drilled to place a thermocouple for

monitoring the oven temperature.

The heating is achieved by an isolated resistor wire with a total diameter of

1mm, 600mm length and an approximate resistance of 5Ω. To improve the thermal

contact and facilitate the mounting, guiding lanes have been cut into the oven wall.

They have a semicircular cross section and follow a double spiral path which has

three windings each. To mount the wire, it was bent in the middle so that the two

ends could be wound simultaneously over the double spiral. This geometry allows

to minimize the magnetic �eld induced by the heating current.

The thermal isolation was achieved by using the ceramic �ber material ther-

malblanket H10 3 which endures up to 1260°C. We wound several layers around the

central section and �xed it using screw clamps. To protect the optics and lungs from

particles and strings of the �ber material and provide some further isolation, a few

more layers of aluminum foil were added.

For contacting the heating wire, the ends were led to opposing sides, and only

after a �rst layer of �ber isolation, they were connected using terminal connectors

(without plastic housing), as solder and heat shrink tubes do not resist the required

temperatures.

Additional cooling blocks were mounted on the main tube. They provide the

possibility for water cooling. It turned out that the temperature drops quickly in

short distances from the oven and thus the water cooling was not used and the

isolation was only required for the central third.

For optical access MDC CF16 viewports were used. For maximum intensity they

were anti re�ection coated from the outsides in the optical workshop of the IFSC.

In order to separate the remaining re�ex from the beam, they were mounted under

a small skew angle.

To control the pressure, another tube was soldered in a right angle to the main

tube and connected via a CF16 �ange to another T at which a Pirani guage was

attached to measure the pressure. The remaining opening was connected to a valve

and provides access for pumping and �lling with a bu�er gas.

The whole construction is held by three aluminum supports at an axis height

of 17.5cm. Care has to be taken with the imbalance caused by heavy vacuum

connections.

3www.per�ltermico.com.br
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5.2.1 Estimation of Parameters

In order to achieve an operational cell with minimum line broadening some parame-

ters had to be estimated. These are the diameter for allowing a beam that minimizes

transient broadening and a length that protects the windows from being coated at

a certain bu�er gas pressure for minimal collisional broadening.

5.2.1.1 Diameter

The velocity distribution for an ideal gas is described by the Maxwell-Boltzmann

distribution as described in sec. 2.1.3 At a temperature of T = 500°C the mean

velocity is

v̄ = 442
m

s
For a linewidth of 7.6kHz the traveled distance in the excited state results in

dexc = 9.2mm

If any smaller beam is used transient broadening takes place (see sec.6.2.3).

5.2.1.2 Pressure

For the pressure chosen for the spectroscopy cell, there is an upper and lower limit. It

must not be to high, which would lead to collisional broadening (for a more detailed

treatment see sec. 6.2.2), and it must not be to low which would lead to a rapid

coating of the windows.

To estimate the upper limit, consider the mean free path of an strontium atom

within an argon bu�er gas of partial pressure p

lMFP =
1

σn
=

1

πd2

kBT

p

where d is the sum of the atomic radii, which de�nes a simple cross section σ = πd2.

n is the atomic density derived from the equation of state of an ideal gas (compare

eq. 2.1). In case of strontium and argon, the atomic radii are [2]

rAr = 71pm

rSr = 200pm

and for a lMFP > dexc lead to an upper pressure limit of

plim < 2 · 10−3mBar

To calculate the pressure at room temperature, one may apply the equation of state

of an ideal gas, which states the proportionality of p and T for a �xed gas density.

Thus the pressure while �lling must be about a third lower than the one aimed for.
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These considerations neglect the collisions of strontium atoms with strontium

atoms, which can only be controlled by varying the temperature of the cell, which

can only be done within a small window, as for a satisfactory spectroscopy signal a

certain partial pressure of strontium is necessary.
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Figure 5.3: The pressure dependence of the mean free path of strontium vapor at 500°C
in argon bu�er Gas. The blue line indicates the distance an excited strontium travels in
average before decaying.

5.2.2 Filling the oven

The �lling procedure was quite cumbersome, since strontium is relatively hard, re-

quires a protection atmosphere and sticks to the steel of the cell.

Due to the tubes length we needed to construct a housing for the protection

atmosphere. As a bu�er gas we used argon, which we fed under constant �ux into

the housing.

Because of the hardness of the material, cutting the strontium inside the atmo-

sphere turned out to be more di�cult than assumed. The use of a small electrical

power tool is highly recommended. Despite the argon atmosphere, the strontium

starts oxidizing during the �ling process. However this did not cause any problems

so far.

Care has to be taken in guiding the strontium to the oven, since bigger chunks

get stuck easily and smaller ones might remain in the main tube and eventually

might �nd their way to the windows or pumping system. Therefore one has to be

constantly aware of not tilting the apparatus more than a few degrees.

Once the oven was �lled, we pumped and baked at ca. 80°C for several days to

evaporate all impurities. Afterwards we used two valves to alternatingly �ood it with

argon and evacuate to minimize the amount of impurities and air in the vicinities of

the connector parts, such as valves and pressure gauges, that were not baked. In the

end we slowly let argon into the cell and closed the valve as we reached a pressure

of 10−3mBar at room temperature. The use of a bu�er gas is crucial to prevent the
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strontium from coating the windows, which would take less than an hour4 without

any bu�er gas.

5.2.3 Improvements

There are several improvements that could be implemented for building another cell.

For example a little hook soldered or screwed to the side of the oven cylinder, to

hold the bent center part of the heating wire right in place where the double spiral

ends and thus facilitating the mounting of the heating wire. It would also be handy

to have some high temperature material at hand to �x the wire to its position inside

the lanes.

Concerning the vacuum connection, it would save space on the optical table if

the connection would be pointing upwards.

It would be easier if the T for connecting the gauge would be included as one

piece. It could be covered by a blind �ange if no gauge is needed.

It would be worth thinking about attaching an extra tube for accessing the oven

from above, so that �lling in strontium would become easier and if parts got stuck

they would not block the optical access and would not stick to the windows.

5.3 Laser system locked at atomic resonance

In the �nal setup the laser frequency will be �xed by the resonance frequency of the

cavity to which it will be locked. The choice of the cavity mode is free, however, the

frequency of the chosen cavity mode can not be tuned further. The range in which

the laser frequency can be scanned will be restricted by the AOM bandwidth which

is generally much less than 1GHz and thus smaller than than one FSR (≈ 1.5GHz)

of the reference cavity. Therefore we needed to determine the right resonance to

which to lock, i.e. the closest one to the atomic resonance, and to chose the right

type and di�raction order (±) for the AOM to bridge the gap.

To achieve this we set up a preliminary saturation spectroscopy, using the beam

from the PBS before the �ber coupler (c.f. �g. 3.7) with almost full intensity to

obtain a well power-broadened lamb dip. With the remaining intensity we monitored

the power re�ected from the cavity into PD:PDH.

Using the wavemeter for comparing against the literature [14] value of

ν0 = 434 829 121 311 (10)kHz

�nding the Doppler-broadened absorption pro�le was not very di�cult once the

right temperature of the cell was found.

Also the Lamb-dip was well pronounced when the beam overlap was adjusted

correctly due to an extreme power-broadening.

4unfortunately experimentally con�rmed by us.
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By measuring the frequency of the Lamb-dip relative to the cavity resonance

repeatedly, we discovered a strong drift, which we could correlate with the change

of the remaining gas pressure inside the cavity housing caused by a leak. This

correlation can be explained by the pressure dependence of the refractive index of

air, which determines the free spectral range and thus the absolute position of the

resonance.

As attempts to reduce the leakage rate to a magnitude which would not induce

any signi�cant drift failed, we used an old ion getter pump to keep the pressure at an

equilibrium (monitored over two weeks) of ca. 10−3mBar, which is within a region

where slight pressure changes have no big in�uence on the resonance frequency.

We could determine the resulting relevant resonance, close to it's absolute vac-

uum value, to be at a frequency ca. 505MHz higher than the atomic resonance. This

led us to chose a 350Mhz AOM in double pass con�guration running at 252.5MHz.

5.3.1 Refractive index shift

The refractive index of the cavity medium is very important for the absolute posi-

tions of the resonances. Even small variations cause a signi�cant shift.

The refractive index n is a scaling factor for the wavelength. Hence frequency

and free spectral range scale inversely with n

ν(n) =
ν

(vac)
0

n
ν

(n)
FSR =

ν
(vac)
FSR

n

If ν0 is a speci�c resonance, the shift induced by a refractive index n = 1 +m is

given as

∆ν(n) = ν
(vac)
0 − ν(n) = ν

(vac)
0 · m

n
≈ m · ν(vac)
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Figure 5.4: The frequency drift ∆ν(n) of a resonance at 689nm caused by air at 35.9°C,
30% humidity within a pressure range of 10−3 to 10−7mBar.

Fig. 5.4 shows the drift of a resonance at 689nm, when the pressure dependence

of the refractive index is calculated according to the Edlén formula [12].
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6 88Strontium (5s2)1S0 → (5s5p)3P1

Spectra

6.1 Spectra

The spectra in �g. 6.1 show the Lamb-dip of the (5s2)1S0 → (5s5p)3P1 transition.

They have been created by acquiring the signal of PD:Sat and PD:Back at a sample

rate of 1.5MHz while ramping the frequency of the frequency generator that drives

the AOM with an external DC voltage.

The frequency was incremented in 1000 steps of 1kHz each. For each step 2000

samples were averaged. Despite this averaging, the signal stayed noisy since the

principal frequency instability of the laser manifests itself at low frequencies. There-

fore the shown spectra were created by averaging about 20 sequential scans, which

have been shifted slightly so that the center of a Lorentz �t coincides.

To account for the intensity �uctuations caused by the frequency dependent

di�raction e�ciency of AOM the spectra have been divided a background signal

representing �x fraction of the light power before entering the cell, recorded with

the photodiode PD:Back. Dividing the signal does not complete compensate for

the intensity �uctuations, because the signal of the saturation spectroscopy is non

linear. The background, as shown in the last plot, was acquired analogously.

The blue solid lines show a Lorentzian �t to the spectrum with the resulting

FWHM Γ denoted within them. The sequence of plots from left to right, top to

bottom, shows the results for decreasing probe beam powers. For all spectra the

Lorentzian �t shows good agreement, but noise increases dramatically for low pow-

ers. The decreasing width can be related to the decreasing power broadening.

Symmetrically to the right and left, some structures appear, which might be

accounted for by the Zeeman e�ect, which causes the mJ = ±1 states to split

symmetrically.
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Figure 6.1: The Lamb-dip of the (5s2)1S0 → (5s5p)3P1 transition of 88Sr, obtained via
saturation spectroscopy, for various powers P of the saturation beam. The scan of ±1Mhz
was obtained by a double pass AOM con�guration. The scales of the frames vary for better
visibility. The last frame shows the signal recorded on PD:Background in �g. 3.7 which
re�ects the performance of the AOM.
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6.2 Broadening and shifts

6.2.1 Power broadening

Power broadening describes the fact that the width of spectral lines increases with

the light intensity used. This can be explained by the non-linearity of the absorption

coe�cient with intensity. Instead it saturates, due to the �xed number of atoms

contributing, their �nite decay rate and stimulated emission. Hence with increasing

intensity the spectral absorption line grows least at frequencies where most photons

are absorbed and vice versa. This deformation preserves the Lorentzian line shape

but increases the linewidth Γ [15]

∆ωFWHM = Γ

√
1 +

I

ISat

where the saturation intensity is given by

ISat =
1

12

~Γ

πc2
ω3

As the sequence of plots in �g. 6.1 shows, we can observe a clear dependance

of the linewidth on the used intensity, and the smallest width of 256kHz is still

approximately 34 times the natural linewidth. This means the line is broadened by

at least one broadening mechanism. Because the saturation intensity of the narrow

line is so weak (ISat = 3.03 µW
cm2 ), power broadening is the �rst candidate to be

investigated.

Plotting the linewidth against the used power shows a rather linear behavior,

c.f. �g. 6.2.
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Figure 6.2: FWHM vs power of the probe beam, black line with error bars. The blue
line shows the theoretically expected intensity broadening.

To compare the results with the theoretical value, a perfectly homogeneous beam

pro�le with a diameter corresponding to the beam 1
e2
-diameter of the Gaussian beam
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is assumed. The measured 2.7 mm result in an active beam area of 5.6mm2 for

which the saturation power computes to 0.17µW. This means that even the lowest

used powers saturate the atoms strongly. The solid blue line in �g. 6.2 shows the

theoretically expected FWHMs.

For the lowest three probe powers the expected width is smaller which indicates

that another broadening mechanism becomes relevant. In general the dependency

of the FWHM on the beam power seems to resemble a rather linear than expected

square root dependency.

To estimate the statistical error of the FWHM width caused by the noise of the

photodiode signal the error bars of the Lorentzian �t were determined. This was

achieved with a Monte-Carlo method as presented in [3], chap. 4.2.3. Consider

the spectrum data points v(k), shown in black in �g. 6.1, and the data points l(k)

describing the �tted Lorentzian, shown in blue in the same �gure. The �t converged

up to a certain standard deviation of (v− l). The error was calculated by generating

a set of new random spectra vrandi (k) that have the same standard deviation from l

vrandi (k) = l(k) + DEV(v − l) · RANDi

where DEV represents the standard deviation and RAND a set of random numbers

with unit standard deviation and zero mean. For each of those data sets the same

Lorentzian �t as for the original data was conducted. The resulting distribution of

FWHM widths now has the a mean value corresponding to the original width, but

also allows to determine the error by calculating its standard deviation.

6.2.2 Collisional broadening and shifting

When considering a gas of a mixture of atoms rather than an individual atom, the

mutual interaction has to be taken into account. When an atom that is interacting

with a light �eld comes close to another atom the electromagnetic interaction of the

shell electrons causes a shift of its energy levels, which alters its oscillation phase

and frequency. For a statistical ensemble of atoms, there one may observe a shift

and broadening of the resonances depending on the temperature and pressure of the

gas.

The in�uence of the interaction can su�ciently be described a cross section each,

for shifting and broadening, that has been determined experimentally for our case

of strontium in argon bu�er gas ([16] for Sr-Ar and [9] for Sr-Sr) . Bidel [4] presents

a calculus for the blue 461nm line based on a paper by Chan and Gelbwachs [6],

that also applies for the investigated red 689nm intercombination line.

Collisional broadening is a so called linear broadening mechanism, that means

that the Lorentzian shape of the natural line is preserved while the natural FWHM

Γnat increases by an addend

Γtot

2π
=

Γnat

2π
+

Γcoll

2π
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The increased width is determined from the average relative speed v between the

atoms, the shifting cross section σ
(broad)
Sr-Ar and the gas density nAr

Γcoll =
1

π
σ
(broad)
Sr-Ar v nAr

with

v =

√
8kBT

πµ

1

µ
=

1

mSr
+

1

mAr

σ
(broad)
Sr-Ar = 1.57(0.02) · 10−14cm2

nAr =
PAr
kBT

To determine the impact of pressure broadening on the spectra in �g. 6.2, it is

necessary to know the exact pressure within the cell. Unfortunately the setup did

not yet include a pressure gauge at the time the measurements were made and it

might be possible that a leak or insu�cient backing caused collisional broadening

that would signi�cantly increase the linewidth.

Only an estimation can be made about the pressure that must have prevailed

for causing a broadening up to ∆ν = 250kHz. Reformulating the above equations

it follows that

P > kBT ·
2π2∆ν

σ
(broad)
Sr-Ar v

For a temperature of 500°C the pressure necessary for causing the observed broad-

ening would be

Pbroad = 4.3 · 10−1mBar

This means that for causing such a broadening a signi�cant amount of air must have

entered and the cross section of air should be taken into account.

The expected broadening, of the approximately 3 · 10−3mBar that was measured

at the time of �lling the oven, scales linearly to about 1.7kHz.

The broadening caused by collisions between the strontium atoms themselves

can be calculated in the same manner, using the partial pressure as discussed in sec.

2.1.3 and

σ
(broad)
Sr-Sr = 6.55(0.6) · 10−14cm2

which yields a broadening of

∆νSr-Sr = 9.5kHz

6.2.3 Transient broadening

Transient broadening describes the fact that the atoms contributing to the Lamb

dip have despite the zero velocity in the direction of the optical axis, still have a

thermal velocity distribution perpendicular to it and thus may leave the light beam
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during the interaction creating an upper limit in interaction time, which translates

in the Fourier transformed domain of emission frequencies into a minimal linewidth.

This fact can be expressed as an energy-time-uncertainty analogously to the

description of the relation of the natural linewidth with the �nite lifetime due to

spontaneous emission

∆E∆t & h

The linewidth becomes
Γ

2π
=

1

τnat
+

1

τIA

where τIA is the characteristic interaction time.

In our case with a 1
e2

beam diameter that has been determined to 2.7mm and

a median gas velocity of 391m
s
, a characteristic interaction time of 6.9µs leads to a

line broadening of
Γ

2π
= 145kHz

This is already very close to the observed limit. Attempts have been made to use

a bigger beam diameter, but they did not show any improvements, which indicates

that another broadening mechanism is prevailing.

6.2.4 Zeeman effect

The Zeeman E�ect describes the splitting of spectral lines of atoms in weak magnetic

�elds. It is caused by the atomic magnetic moment interacting with the external

�eld and thus separating the previously degenerate states of di�erent orientations

of the magnetic moment.

The energy of the magnetic moment in the magnetic �eld B can be calculated

as

∆EZeeman = mJ µBgJ |B|

where mJ is the quantum number of the total angular momentum operator Jz,

µB is the Bohr magneton and gj the Landé factor given by

gJ = 1 +
J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)

with J and S being the quantum numbers associated with the total angular and

spin momentum operators J2 and S2 respectively.

For both of the main transitions relevant in the cooling process, a Zeeman split-

ting into triplets occurs. The g-factors for the involved states are:

1S0 : gj = 1
1P1: gj = 1
3P1: gj = 1.5
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Within an earth magnetic �eld of 23µT in Sao Carlos [2], the corresponding shifts

are

1S0 → 1P1: ∆νZeeman = 322kHz
1S0 → 3P1: ∆νZeeman = 483kHz

These values are only rough estimates, since the application of the Landé factor

supposes pure LS coupling and strontium as a medium weighted atomic species, is

governed by a mixture between JJ and LS coupling, while LS is still dominating

[23]. The 3P1 denominated state therefore contains a small admixture of the 1P1

component, which in the �rst place renders the intercombination with the ground

state possible. The value of the frequency o�set should thus be expected smaller.

This predicted splitting of the di�erent Zeeman levels due to gravitation of

483kHz could be identi�ed with the �at peaks at a distance of about 1MHz from

the central resonance. Introducing an additional magnetic �eld did shift these peaks

further away from the center, indicating that their origin indeed is the Zeeman shift.

The mismatch with the estimated value might be caused by additional stray

magnetic �elds in the order of magnitude of the earth magnetic �eld. Further

measurements of the background magnetic �eld would be necessary to gain certainty

about the origin of the shift.
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7 Résumé and outlook

This work describes the realization of a Pound Drever Hall stabilization of a diode

laser onto the atomic resonance of the 1S0 →3 P1 transition of strontium. This

stabilization is necessary for creating an e�cient magneto optical trap (MOT) that

operates on this, only 7.6 kHz wide, transition.

Therefore the aspired linewidth of the laser system was 1kHz. An estimated

width of 600Hz has been achieved, even though disturbed by �uctuations in the Hz

regime. For long term stabilization a spectroscopy was constructed that resolves the

line with a minimally widened width of 252kHz.

The Pound Drever Hall technique allows us to derive a frequency error signal,

which can be used for an electronic feedback loop to correct the diode laser cur-

rent, from a light beam that is re�ected from an optical oscillator. The re�ection

of light from an optical resonator is strongly dependent on its frequency. Resonant

frequencies that interfere constructively within the resonator are transmitted and

non resonant frequencies are re�ected. Deriving the error signal from the intensity

of the re�ected light bears two disadvantages. Firstly, with this error one cannot dis-

tinguish between frequency and intensity �uctuations and secondly the error signal

is delayed, because the interference needs time to build up inside the resonator.

To circumvent these problems, the phase information of the re�ected beam can

be used. Ideally the phase does not show any intensity dependence and is measured

between a promptly re�ected beam and the �eld that has already been built up

inside the resonator.

The stabilization has been realized with a 10cm long symmetric cavity1 of �nesse

600 formed by a pair of mirrors with a radius of curvature of 50cm, that were

optically contacted to an ULE2 spacer. The cavity is placed into a special housing3

which provides vacuum and a constant temperature in order to keep the resonance

stable.

The stability of the locked laser has been estimated by measuring the error

signal and the discriminator, which is the conversion factor to translate an error

into a frequency deviation. The data of frequency deviations has then been analyzed

by calculating the power spectral density of frequency �uctuations and the Allan

variance of the normalized frequency. This allowed to deduce the line widths of the

laser for �ve di�erent measurement series. In one of which a stabilitiy of 600Hz was

reached.

1produced by Advanced Thin Films
2Ultra Low Expansion material from Corning
3Manufactured by Stable Laser Systems
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Using the stabilized laser a saturation spectroscopy has been conducted. The

frequency of the laser was scanned with an AOM, in double pass con�guration to

avoid disalignment, within 2MHz around the Lamb dip of the investigated transition.

The spectra show a broadened dip of a minimum FWHM width of 252kHz and the

splitting of the 3P1 level into three Zeeman sublevels caused by some stray magnetic

�elds. The discussion of the broadening mechanism suggests that it is the transient

broadening, which dominantly causes the increased linewidth.

The next step would be to use the spectroscopy as an absolute reference to

analyze drifts of the laser frequency, which has only been stabilized relative to the

cavity. If a strong drift can be observed, electronics for a long term stabilization

need to be developed. An additional AOM between the cavity and the experiment

could then compensate for this drift.

Finally, once the main experiment progressed to the stage where cold atoms are

trapped in a primary stage MOT on the 1S0 →1 P1 transition, the stabilized laser

can be used for implementing a secondary stage MOT.
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